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INTRODUCTION
The significant diversity of engineering applications of the flow in curved pipes has grown in recent years and these so-called "Dean flows" have emerged in many complex areas of biomedical engineering [1] [2] [3] [4] [5] and also chemical engineering [6] [7] . Important investigations of the flow in this regime were originally carried out by Dean [8] [9] who used a theoretical approach to analyze viscous Newtonian flow in curved tubes. He employed the loose-coiling approximation and focused scientific attention on the effects of centrifugal acceleration (arising from the curvature of geometry) in the Navier-Stokes equations. Dean's analytical solutions were based on a perturbation method and highlighted most of the key features of this regime such as Taylor-Görtler secondary flows, corroborating the previous empirical investigation of Eustic [10] . Later studies by Topakoghlu [11] extended their work to the perturbation solutions of both curved circular and annular conduits. Comprehensive reviews of progress in these methods were presented by Berger [12] and later by Guan and Martonen [13] and Naphon and Wongwises [14] .
In all of the mentioned works the problem were solved subject to no slip boundary this parameter is defining as the ratio of mean free molecular distance to an appropriate macro length scale. Slip flows have been examined for a variety of different geometrical configurations including conduits with different cross sections such as rectangular [16] , annular [17] , hyper-elliptical and regular polygonal cross sections [18] . These studies have also utilized the same slip flow and temperature jump conditions for Newtonian fluids.
In the past three decades, researchers have also directed substantial attention towards the refined modelling industrially complex polymeric liquids with non-Newtonian formulations, particularly viscoelastic fluids. Non-Newtonian transport in curved pipes has been a very active area owing to a tremendous range of applications in polymer processing, biotechnology and food stuffs, slurry transport, petrochemical treatment, pharmacological synthesis, heat exchangers etc. The interesting influences of polymeric fluids related to the first and second normal stresses [19] [20] [21] [22] and relaxation and retardation characteristic times [23] [24] [25] [26] [27] on the flow behavior and also heat transfer of these fluids has grown into a major field in its own right. An extensive repertoire of analytical, numerical and empirical methods has been successfully implemented in such investigations, yielding important findings and expanding the understanding of engineers. The collective influence of characteristics such as elastic force and curvature of geometry and their important role in modifying Taylor-Gortler vortices also make polymeric liquids a suitable potential choice for deploying even in small-scale engineering mechanisms. In the non-slip case, Bowen et al. [28] implemented an approach similar to Topakoglu's [11] to solve the full equations of motion for the creeping flow of upperconvected Maxwell viscoelastic fluids. They also observed that viscoelasticity can generate a pair of secondary flows in the same direction of rotation as that generated by inertial forces.
Ebadian [29] and Karahalios and Petrakis [30] , using analytical approaches, tried to investigate this issue and they all concluded that the first normal stress can generate a force similar to hoop stress of inertial regime in Newtonian fluids, strengthening the secondary flow.
In a following work, Robertson and Muller [24] extended the model in [28] to a more general case by considering viscoelastic inertial flow through circular and annular cross-section curved pipes, reporting in detail the effects of Weissenberg and Reynolds numbers of this regime. In the past, there were several reports in both macro and micro scales that polymeric fluids might experience a slip phenomenon near the interface of the solid and the liquid that this issue can also, potentially, be an important issue in the flow distribution of curved pipes. Hatzikiriakos [31] , in a review, discussed different types of slip occurring on molten fluids. In this work, experimental evidences that molten polymers, slip macroscopically at solid surface is reviewed. In following, different types of slip boundary condition is discussed and shown that for some polymers even a second critical wall shear stress exists at which a transition to a stronger slip regime occurs. Kaoullas and Georgiou [32] and Georgiou and Kaoullas [33] , showed that in the presence of slip yield stress both the classical no-slip boundary condition and an extension of the Navier's slip phenomenon can be observed depending on the value of the pressure gradient of Newtonian fluids. A similar behavior was observed for viscoelastic
Poiseuille flow with slip yield stress [34] . A more detailed study based on numerical and analytical approach for linear and nonlinear Navier slip boundary conditions were carried out in references [35] [36] [37] .
Due to presence of secondary flow in curved pipe flow of viscoelastic fluids, these geometries are of great importance in designing the highest performance cooling, mixing equipment etc. 
MATHEMATICAL FORMULATION

Dimensionless Group and Constitute Equations
The physical configuration examined in the present study, namely slip flow of viscoelastic fluids in curved channels is depicted in Fig. 1 , where 0 r and R are the cross-section radius and the pitch curvature radius, respectively. For the sake of convenience, it is conventional to employ the dimensionless form of the momentum conservation equations. In line with this, the appropriate non-dimensional variables and parameters implemented, are defined below:
where, r , φ and s are the components of toroidal coordinate system. , In general form, the Oldroyd-B constitutive equation represents as [41] :
is the symmetric part of the velocity gradient. The components of the D tensor in the rectangular coordinate system are defined as [41] :
The upper convected derivative of an arbitrary tensor ij s is defined as [41] : 
In the special case where 2 0  = , Eq. 
Governing Equations and Boundary Conditions
In the presented work, fully developed flow of polymeric solutions using the Oldroyd-B
constitutive equation is simulated. The Oldroyd-B model is a suitable choice for viscoelastic materials showing a constant viscosity (Boger Fluids [42] ). As it was reported in the literature [31] [32] [33] [34] [35] [36] [37] , the slip phenomenon can be observed in the interface of polymeric solutions and solid interface. As we know, in the microfluidic devices (Microfluidics deals with the behaviour, precise control and manipulation of fluids that are geometrically constrained to a small, typically sub-millimetre scale [43] [44] [45] ), the slip situation can more significantly influence in the flow distribution of the material. In accordance with the Fig. 1 
where, B designates the curvature radius of each point and is defined as: (12) In order to achieve possible solutions of velocity components it is necessary to eliminate pressure gradient in the other directions of pipe except in the pitch direction which is already identified. By reducing the  derivative of Eq. (9b) and r derivative of equation (9c) (14) It is customary that the slip coefficient would normally be taken to be the same for all directions. In effect, the present approach decomposes the velocity vector into two components, one normal to the surface, with a v.n = 0 condition, and one tangential, with v-subt (the tangential component) = vt  , where "t" is the vector tangent to the surface. This implies that fluid cannot flow through the wall but that the tangential velocity is proportional to the tangential (shear) component of stress in the direction of flow. Considering the abovementioned description, the boundary condition for slip situation can be written as [46, [31] [32] [33] [34] [35] [36] [37] :
where v  denotes the slip coefficient between wall and fluid.
PERTURBATION SOLUTIONS
Due to the quasi-linear, coupled nature of the momentum conservation equations and the employed constitutive equation, a perturbation method is used to linearize the complex form of these equations. The perturbation parameter in the momentum equations is considered to be the curvature ratio ( / rR
 =
). So, in order for this expansion to have a wide range of applicability, it is necessary for any given geometry that the curvature ratio (  ) be very small.
However, according to previous studies this range can be a logical assumption in small scale geometries [47] [48] . 
Flow solution
Introducing series forms of the parameters defined in Eq. (16) into the momentum equation (12) and arranging coefficients of 0  , the first characteristic equation of the primary (main) velocity is obtained as:
The zero-order solution of the main velocity  is [23-24]:
(1)
Applying same method in Eq. (12), the characteristic equation of (1) w is obtained. The closedform of the solution of this equation is derived as a function of the r parameter, multiplying with a cosine function as [23] [24] :
Considering the Navier slip boundary condition near the wall (15), 1 () grand 1 () fr are calculated which is presented in the appendix with a more detailed information regarding the calculation steps. After substituting the zero and first order velocity components and stress tensors and utilizing the previous approaches for the second order of the main flow and stream function, the characteristic equation of order 2 is obtained. Employing the corresponding slip condition (15) , the solutions of the characteristic equations of main flow and stream function equations will be found. We consider the general forms of velocity components as [23] [24] : 
Solution of flow rate
In this section, an analytical solution for the flow rate of Oldroyd-B fluids with slip present near the wall of curved pipe is presented. The dimensionless flow rate through the pipe can be simply presented as: way that the pressure gradient to be same as the equivalent Newtonian scenario with no slip condition. So, if the pressure drop is fixed, in cases with slip we should expect the flow rate and consequently maximum value of velocity to be increased (as it can also mathematically be observed from equation (18)) Further results for the slip scenario as illustrated in Fig. 4 reveal that an increment in slip. Reynolds number flows with no-slip by Robertson and Muller [24] . The data reveals how curiously in high slip situations, the main flow may even show some recirculation phenomena.
According to the study of Mashelkar and Devaraja [50] hoop stress ( ss  ) in Newtonian cases is relatively weak and the pressure gradient in the core region of the pipe is balanced by the centrifugal force. Fan et al. [22] , based on an order-of-magnitude analysis for Oldroyd-B Dean flows, derived an equation that estimates the relation between hoop stress ( ss  ) and centrifugal force. Considering the fact that lateral components of velocity are generally twoorders of magnitude smaller than the main velocity, the momentum equation in the "n" direction of the pipe (see Fig. 1 ), far from wall and near the core region, can be reduced to: We = ), is found to be around 150 times higher than that computed for the Newtonian cases with slip (
). In fact, this difference can even be enhanced 1400 times. Obviously, inertia force, near the wall and its vicinity, is weak (see Fig.   2 ). Robertson and Muller [24] . The present study has also shown that some significant and novel results are related to the slip regimes. Fig. 7 shows that an increment in slip coefficient intensifies secondary flows. The data clearly demonstrate that the velocity distribution around the wall is not zero (constant) any longer and markedly varies from the inside toward the outside of wall. As previously presented in Fig. 4 , the scenario with high slip situation can lead to the initiation of a recirculation phenomenon.
Here, the solutions show that lateral components of velocity also change their own direction. It appears that another pair of secondary flow in the opposite direction to the previous one is produced. Fig. 8 reveals that an increment in other parameters can strengthen both secondary flows arising. Fig. 9 shows in curved channels. Future work will consider alternate viscoelastic models including the Williamson [51] and Jeffery [52] models which also provide good approximations to polymer flows.
APPENDIX
Due to the quasi-linear, coupled nature of the momentum conservation equations, a perturbation method is used. The perturbation parameter in the momentum equations is considered to be the curvature ratio ( r R  = ). Considering the rectilinear form of the flow distribution in a straight pipe and consequently the absence of secondary flow in this situation ( (0) 0 =  ), stream functions start from the first order onwards. The appropriate series forms for the stress tensor, stream function and main velocity are: where w (axial velocity) is considered to be in the form of a perturbation expansion as:
( ) where, s Q is the dimensionless flow rate in a straight stationary pipe with the same pressure gradient and this value is equal to /2
